
Bulletin of the Seismological Society of America, Vol. 79, No. 3, pp. 813-841, June 1989 

STATIC DEFORMATIONS FROM POINT FORCES AND FORCE 
COUPLES LOCATED IN WELDED ELASTIC POISSONIAN HALF- 

SPACES: IMPLICATIONS FOR SEISMIC MOMENT TENSORS 

BY THOMAS H. HEATON AND ROBERT E. HEATON 

ABSTRACT 

We present analytic expressions for the static deformations produced by point 
forces and point force couples embedded in two elastic Poissonian half-spaces 
that are welded on a horizontal interface. We show that the deformations from 
point forces and from vertically dipping strike-slip point double couples vary 
continuously (except at the strike-slip source) as the source is moved across the 
welded interface. We show that the pattern of deformations from vertically dipping 
(or horizontally dipping) dip-slip point double couples also vary continuously as 
the source is moved across the welded interface, but the amplitude of the 
deformations jumps by the ratio of the rigidities. Finally, we show that the pattern 
of deformation from a point explosion source or from a point double-couple 
source dipping at angles other than 0 ° or 90 ° jumps as the source is moved 
across the boundary. We demonstrate that integration of point double-couple 
sources on a plane of finite extent mimics the deformation of slip on a fault plane 
where the total moment of the double-couples is pAD. We also demonstrate that 
deformations from a distribution of double couples on a horizontally dipping finite 
plane just above the interface are indistinguishable from the deformations pro- 
duced by a similar distribution of double couples located just below the interface 
but with a total moment that is different by the ratio of the rigidities. This 
demonstrates that the moment of a dislocation that occurs between two materials 
is ambiguously defined. We discuss reasons why seismic moment is not a very 
satisfying way to parameterize the size of an earthquake. We show that potency, 
defined to be the integral of the slip over the rupture surface, is a more natural 
size scaling parameter than seismic moment. 

INTRODUCTION 

The purpose of this paper is to derive and discuss the static deformation due to 
point force and force-couple systems in the vicinity of two welded, elastic Poissonian 
half-spaces. In particular, we are interested in the interpretation of seismic moment 
in the presence of heterogeneous media. For example, how does the elastic defor- 
mation change if a point double couple is moved from an infinitesimal distance 
above a boundary to an infinitesimal distance below a boundary? As we will show, 
the answer to this problem is somewhat complex and depends upon the orientation 
of the double couple with respect to the boundary. We will show that for a fixed 
moment, a vertical strike-slip double couple gives the same deformation throughout 
the media (except at the source point) regardless of whether it is infinitesimally 
above or below the interface. However, for a fixed moment, a vertical dip-slip double 
couple gives a deformation pattern that differs by the ratio, m, of the material 
rigidities depending on whether the source is above or below the interface. As has 
been previously noted by Woodhouse (1981) this can lead to ambiguities in the 
determination of the moment of earthquakes. We discuss why we believe that these 
ambiguities imply that seismic moment is not a very satisfying quantification of the 
size of an earthquake. 

813 



814 THOMAS H. HEATON AND ROBERT E. HEATON 

POINT-FORCE SOLUTIONS 

Ben-Menahem and Gillon (1970) presented a technique for the computation of 
static deformations resulting from a point source embedded in an elastic layer 
bounded by a vacuum on top and an elastic half-space on the bottom. Sato (1971) 
and Sato and Matsu'ura (1973) extended these results to apply to any layered elastic 
space. However, the calculation of deformations using these solutions requires 
numerical integration techniques that might introduce ambiguities when limiting 
cases are investigated. Rongved (1955) derived Papkovitch functions (a type of 
displacement field potential, Fung, 1965) for an arbitrary point force within welded 
elastic half-spaces. Although the expressions for these potentials are closed-form 
algebraic expressions, they are also quite complex and Rongved did not present 
expressions for the resulting displacements, presumably because of the awkward 
length of the expressions that would result. However, Rongved's Papkovitch func- 
tions simplify significantly if the media are considered to be Poissonian (Poisson's 

1 ratio equal to z or h = z). Figure 1 sketches the cartesian coordinate frame chosen 
for this problem. The half-spaces are welded along the plane z = 0, a point force Fi 
in the j t h  direction is located at the point (0, 0, c > 0) and the resulting displacement 
in the ith direction at the point (x, y, z) is denoted by U~ (x, y, z = 0) and U ' / ( x ,  
y, z =< 0). The rigidities of the upper (z > 0) and lower (z < 0) half-spaces are/~ and 

z 
observer at 

(~  (x,y,z) 

Y ;ou.// 
CI ~ ~ =~ forz>O 

...-- x 

X = g '  f o r z  < 0  

FIG. 1. Coordinate frame and source-observer geometry. 



DEFORMATIONS FROM POINT FORCES AND FORCE COUPLES 815  

tL', respectively. Following the notation of Rongved (1955), we define 

# t  
m = - - ,  (1) 

# 

R I =  ~/x 2 + y 2 +  ( z - c )  2, (2) 

R2 = ~/x 2 + y2 + (z + c ) h  (3) 

For convenience, we also define 

9tl = R1 - z + c, (4) 

9i~ = R~ + z + c. (5) 

After some laborious algebraic manipulation of Rongved's (1955) solution, we find 
the following expressions for the displacements caused by a single point forge. 

F~ [2  x2~ (1-m)2F~ [ 1  x 2 ] 
UxX=127r.L-~l+-R-~13J+127r.(1 + m ~ 2 ~ m - - ) ( l + 2 m )  ~2 R~-~2 ~ 

( 1  - m)F~ 
+ 12~tt (1 + m)(1 + 2m) 

2(1 + 2m) (1 + 2m)x 2 + 2(1 + m)cz 6(1 + m)czx2~ 
• " R2 + R23 R25 ~j J 

(1-m)(z+c)F~ r - 1  x 2 x 2 
+ 12~(-i  ~ ~ - l - ~ m ) L R - ~  + ~ + R~--~-~ 2 | ' (6) 2 2 J  

67r~(1 + re) 

(1 - m)2F~ [ 1  x 2 ] 
+ 12~,(1+ m ~ 7 ~ ( 1 +  2m)" ~ RI~, ~ 

( 1 - m ) [ ( l + 2 m ) z + ( 2 + m ) c ] F ~ [ - 1  x 2 x 2 1 
+ "---'w- . . . . . . . .  +E--K~ + 

12~rtt(1+m)(2+m)(1+2m) [R191~ R191l ~ "  ] 
(7) 

For UJ and U'~, substitute y for x. 

xyEx (1 - m)xyFx [ 2m) 6(1 + m)cz~ 
UYx - 12~rttR13 + 12~r~ (1 + m)(1 + 2m)[_(1 + R# ~ J" 

(1 - m)2xyF~ 
- 12mr (1 + m)(2 + m)(i  + 2m)R2~2 2 

(1-m)(z+c)xyF~ [ 1 1 1 
1 ~ ;  roT(? ¥ ~m)LR---~ + ~ ,  (s) 
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xyFx (1 - m )2 xyFx 
V l y X  

6~#(1 + m)R1 ~ 12~r#(1 + m)(2 + m)(1 + 2m)R19~l 2 

( 1 -  m)[(l  + 2m)z + (2 + m)c]xyFx[ 1 1 ] .+ (9) 

For Ux y and U ' / ,  interchange x and y. 

x(z - c)F~ (1 - m)xFx [z - c cz(z + c)] u z  x 

1 2 ~ # R  a + 2~-~)[~R-~3 Re ~ 

(1 - m)xFx 
+ 4m/(2 + m)(1 + 2m)R2~2'  (10) 

xF~ [ + m)c (1 - m) 1 
4~r#(2 + m ) ( l + 2 m ) ( 1  2 m ) z - - ( 2  + U '  ~ R~ 3 + R~-~ ]. (II) 

For U / a n d  U ' / ,  substitute y for x. 

z = (z - c)xFz (1 - m)xF~ [z - c 3cz(z + c)] 
U x ~ --ET H 

12~rttRi 3 ~ 6~r#(1 + 2m)[ R2 R25 

(1 - rn)xF~ (12) 
- 4~r#(2 + m)(1 + 2m)R29~2 ' 

[ U' ~ = xF~ (1 + 2m)z - (2 + m)c 
4~rtt(2 + m)(1 + 2m) " Ri 3 R~-9~ . (13) 

For U / a n d  U ' / ,  substitute y for x. 

F~ [ 1 (z 2 c )  2] (i - m)Fz 
UiZ=67r# ~ + 2R~ 3 ] + 2~r#(1 + 2m) 

• 6(2 + m)R2 + 3R23 + R~ 5 (14) 

Fz [3(1 + r n ) { ( l + 2 m ) z - ( 2 + m ) c } ( z - c ) l  
U'Z-4~r#(2 + m)( l  + 2m)[ ~ + R3  • 

(15) 

These solutions (6 through 15) only apply if the source is located in the unprimed 
half-space (i.e., c > 0). However, because of the symmetry about the plane z = 0, we 
can easily derive solutions for a source located in the primed half-space (c < 0) by 
an appropriate change of coordinates. 

Uji(x,y,z>=O,c<O,m, F i ) = - U ' j i ( - x , - y , - z , - c ,  1 /m, -F~) ,  (16) 

u,ji(x,y,z<=O,c<O,m, F i ) = - U j i ( - x , - y , - z , - c ,  1 /m, -Fi ) ,  (17) 
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where the factor 1/m has the effect of interchanging # and u '  everywhere in 
equations (6) through (15). That is, t~' should be explicitly substituted for ~, and 
1/m should be substituted for m. 

Notice that  the expressions for the solution in the lower medium U'j ~ involve 
powers of l/R1, the distance from the source to the observer. However, the expres- 
sions for the solution in the upper medium Uj i have both terms with powers of 
1/R~ and terms with powers of l/R2. R2 is the distance to a virtual source located 
at a distance c beneath the interface. 

RECIPROCAL RELATIONS 

Although these solutions are fairly complex, it is a straightforward calculation to 
demonstrate the reciprocity relationships for point forces given by, 

½i(x; ~) = U/ i f ;  x), (18) 

where x and ~" are the observer and source coordinates, respectively. The reciprocity 
theorem states that the solution is unchanged if the source and observer are 
interchanged. If the source and observer are both located in the unprimed half- 
space (c > 0 and z > 0), then the reciprocity equations for this problem can be 
written as 

Uii(x,y,z,c,m) = U j ( - x , - y , c , z , m )  ifz_->0, (19) 

If the observer is located in the primed half-space (z < 0), then the reciprocal source 
is located in the primed half-space and the solutions given by equation (16) must 
be used. For this particular problem, the reciprocity equations can be written as 

U'j(x,y ,  z, c, m) = U ' J ( - x ,  -y ,  -c,  - z ,  1/m) if z =< 0. (20) 

In the expressions just given, the variables z and c should be interchanged and # 
and it '  should be interchanged for expressions on the right-hand side of the 
equations. 

POINT DOUBLE-COUPLE SOLUTIONS 

For a point double-couple source with arbitrary orientation, the i th component 
of displacement, Wi, is given by 

3 3 M j h O U i  ~ 

m =  oxk ' (21) 

where X l  ----" X, X 2 ---- y, and x3 = c; ~1 = ~2 = 1, ~ = -1;  and the moment tensor, Mik , 
is given in BOX 4.4 of Aki and Richards (1980). The ~j terms are due to the fact 
that the partials should have been taken with respect to source coordinates and also 
because Aki and Richards (1980) define the positive z direction to be down. The 
partials of Ui j with respect to xh are given by the following expressions. Since spatial 
derivatives are taken with respect to the source coordinates, the forces F/ are 
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replaced by moments Fjk, where any c subscript is interchangeable with a z subscript. 

0 U~x -XaFxx 
Ox 4~r#Rz 5 

( 1 - m ) x F =  [ ( l + 2 m ) x 2 + 6 ( l + m ) c z + l O ( l + m ) c x Z z ]  
+ 4 m L ~ + - - ~  2m)k R25 R7  J 

(1  - m)2xF= [ - 3  x 2 2x 2 ] 
+ 12m~(1 + m ~ - - )  il  + 2m) [R--~z 2+ R2a~2 2 

( l - m ) ( z + c ) x F ~ [  1 x 2 1 x 2 2x 2 ] 
+47~+~)~+-~m)[Rj-~ R~----~+ R ~  ~ R ? ~  ~ 3 R ~ ]  ' (22) 

0 U'x x -x3Fxx 
0x 2mr(1 + m)R15 

( 1 - m ) 2 x F x x  [ - 3  x 2 2x 2 ] 
+ 127rtL(1 +m~(2 + m) ( l+  2 m ) [ R - ~  2H R139~12 ~ - ~ J  

(1  - m){(2 + re)c+ (1 + 2m)z}xF~ + 
4~-tt (1 + m)(2 + m)(1 + 2m) 

• Rrg~  R1~9~1 f Re9~22 R49~ z 3R39~a j. (23) 

0 u /  0 U'YY, substitute y for x. F o r - ~ y  and Oy 

ox 

(1 - m)yFxx + 
12mL (1 + m)(1 + 2m) 

• [(1 + 2m) 3(1 + 2m)x 2 + 6(1 + m)cz F- 30(1 +_m)czx 2] 
"[ ~ R25 R27 

(1  - m)2yFxx [ - 1  x 2 2x 2 ] 
+12~rt t (1+m)(2+m)(1+2m) R29~2 ~ + R 2 2 9 ~ 2 a J  

(1 - m)(z + c)yF~ + 
127r~(1 + m)(1 + 2m) 

[ 1 3x 2 1 3X 2 2xZ.] 
• R2~9~2 R259~ ~-R~Z9~ -----~2 Rz~9~z 2 R2ag~ ~''~ (24) 

OU'x x yF~x .[. 1_ 3x ~] 
Ox 6~rt~(l+ m)[R~ ~ RI~J 
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(1 - m)~yFxx [ -1 x ~ 2x ~ 
+12~r#(l + m)(2 + m)(1+ 2m) [ R - - ~ + ~ + ~  

(1 - m){(1 + 2m)z + (2 + m)c}yF~ + 
12~r# (1 + m)(2 + m)(1 + 2m) 

I X  3x ~ 1 3x ~ 2x ~ ] 
• R I ~ - ~ I  Rl~9~-----~+Re9~ R49~ ~ R ~ 9 ~ j .  (25) 

(~ [fix y 0 U '  x y 
For ~-y and -~y , interchange x and y. 

Ox 12~-# JR13 R15J 

(1-m)Fxx [ 1 x 2 x 2 ] 
+4~r#(2+m)(1+2m))~-~2  R23~2 R2~--~22 

( 1 - - m ) F ~ [ z - c  (z-c)x2+(c+z)cz  5(z+c)czx2] 
+ 2m~(1 + 2m)L3R23 R2 ~ + ~ J, (26) 

OU'z ~ Fxx 
Ox 4~#(2 + m)(1 + 2m) 

. [.(l + 2m)z-_(2 + 3x2{(l + 2m)z- (2  + 

(1-m)Fxx [ 1 x 2 x 2 ] 
+4mL(2+m--~+2m)[_)~-9~1 R139~ R ~ - ~  2" (27) 

For 0 Uff 0 U'~Y ~-y and - - ~ y ,  substitute y for x. 

c)Ux x -yFx,[ 2 3x 2] (1 - m)2yFx, 
Oy - 12~rtL [~-~13 + ~-~sJ + 12~r#(1 + m)(2 + m)(1 + 2m) 

-1  x 2 2 x 2 1  (1-m)yFxy 
• ÷ 

R23~22 2 2 j 12v#(1 +m)(1 +2m) 

[-2(1 +32m) 3(1 + 2m)x2+6(1 + m)cz+30(1 + m)czx21 
"[- R-~ R25 R ~  J (28) 

(1-m)(z+c)yFxy [ 1 1 3x2 3x2 2x21 
+12~r~(l+m)(l+2m)[R2--7~'~R229~22 R2~9~22 R249~22 R23~---2ij, 

au': -yFx  [A 3221 
Oy 67r#(1 + m)LR13 +~515 j 
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(1 - m)2yF~y [ -1 x 2 2x 2 ] 
+ 12~rtt(1 +---m~ (2 + m)(1 + 2m) R---~I 2 _  + R139~---~ + ~ ]  

(1 - m){z(1 + 2m) + c(2 + m)}yFxy + 
12~r# (1 + m)(2 + m)(1 + 2m) 

[ 1 1 3x 2 3x 2 2x2.]  

" R -- +R12 12 2 R13 ?/" 
(29) 

For 0 U f  and 0 U ' J  Ox - ~ x  ' interchange x and y. 

Oy =12~r#LR~ 3 R-TJ 

(1-m)2xFxy [ y2 2y2 ] 
+ 12~r# (1 + m)(2 + m)(1 + 2m) ~ + Rz29~28J-- 

(1 - m)xF~y + 
12~t~(1 + m)(1 + 2m) 

(1+2m)  3(l+2m)yZ+6(l+m)cz 30(l+m)czy 2] 
" R23 R25 + -~-~ "j 

(1 - m)(z + c)xF~y + 
12vt~(1 + m)(1 + 2m) 

I 1 1 3y 2 3y 2 2y z ] 
• R 2 - - - ~ + ~  R25R 2 R24 ~}~ 22 R23---~2~j , (30) 

OU'y ~ xF~y [ 1 3y z] 
Oy 6~rtt(1 + m) R~ 3 ~-SJ 

(l_m)2xF~y [ y2 + 2y2 ] 
+ 127r#(1+--m~(Z+m)(l+2m) ~ R1291------~J 

(1 - m){z(1 + 2m) + c(2 + m)}xF~y + 
127rtt (1 + m)(2 + m)(1 + 2m) 

+ 3Y 2 _ 3Y 2 _ _  
• R12~)~12- R15~)~1 R14~)~12 R139~13j. (31) 

0 US 0 U'~ y 
For Oxx and ~xx , interchange x and y. 

OUz ~ (e-z)xyF~y 
Oy 4~r#R15 

(1-m)xyf~y[z-c  5cz(z+c) + 1 1 ] 
R J  2(2 + m)R2~9~2 + 2(2 + m)R2Z~22 ' (32) 
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au'/ r-3(2+m)c+3(l+2m)z (l-m) (l-m)] 
0 ~ - -  - 4~-# (2 + m----~- + 2m) [ R15 -4 ~ -  + ~ ] .  (33) 

0 UJ 0 U'z y 
For Ox and ~ interchange x and y. 

OUJ ( z - c ) F = [  2 3xZ] 
Oc 1-2-~--~# [ ~  + R-T] 

( 1 - m ) F =  [.-x2(2z+c)-cz(z+c) 5(z+c)czx2.] 
+ 2mr (1 + 2m) [_ R25 + R J  ] 

(1 - m)[(1 - 2m)z - (1 + 4m)c]F= + 
12~-tt (1 + m)(1 + 2re)R23 

( 1 - m ) F x z  [ -1  x2 x 2 ] 
+ @rt~ (1 + ~n)T2-~m)(1 + 2 m ) R - ~  + R2---~ + ~ ' (34) 

OU'x x [(1 + 2m)(m + 3)z - (2 + m)(1 + 3m)c]F= 
ac 4mr(1 + m)(2 + m)(1 + 2m)R13 

3{(1 + 2m)z - (2 + m)c}x2Fxz + 
477#(2 + m)(1 + 2re)R15 

(Xm)  
+ 4 ~ r t t ( l + m ) ( 2 + m ) ( l + 2 m )  + R~---~ + " (35) 

For -~c0 Uy y and 0 U0___~ ' 'yy substitute x for y. 

OUy x _ (z - c)xyFxz (1 - m)xyFxz[2Z + c 5(z +c )cz  1 
O c 4 ~r t~ R ~ 5 ~ -~(1+ -~m ) [_ -R~ R27 ] 

+ 4~tL(1 + m)(2 + m)(1 + 2m) + R2~-9~22 , (36) 

OU'y x 3{(1 + 2m)z - (2 + m)c}xyFxz 
0c 4~tt(2 + m)(1 + 2m)R15 

( 1 -  m)xyFxz [ 1 1 ] 
+ 4~r~(1 + m)(2 + m)(1 + 2m) ~ + R129~ 1 ----- -~ " (37) 
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O Ux y O U tx y 
For Oe and ~e , interehangex andy. 

OUz x XF~z[-1 3(z-- c)2] 
~c - 1--~-~4-E?? + R? J 

(1 - m ) x ~  [ 2,~ + ~ l~.(z + c)z - ~c~ ~O(z + c)~cz 1 
- i ~ i  + ~m)L(2 + re)R23 + R25 R2--7 j ,  (38) 

c) U'z ~ 3xF= [ - ¢  { ( i + 2 m ) z - ( 2 + m ) c } ( z - c ) ]  (39) 
0----~ - 4a-#(2 + m)(1 + 2m) + R15 " 

O Uz y O Utz y 
For -~c and ~ , substitute y for x. 

o~: (z-c)~x[ ~ ~xq (1-m)(z-c)Fz~ 
Ox - ~ L ~  ~ R?J ÷ 6~.(1 + 2m)R~ ~ 

(X-m)Fz~  r ( z + c ) c z - ( z - c ) x 2  5(z+_c)czxZl 
+ 2V~1- + ~m)L )~?- R27 J 

( 1 - m ) F ~  [ -1  x 2 x 2 1 
+ . . . . . .  + + ~ ] ,  (40) 

4~r#(2 + m) ( l  + 2m)LR2912 

O U ' J  { ( l + 2 m ) z - ( 2 + m ) c } F ~ x  3 { ( l + 2 m ) z - ( 2 + m ) ¢ l x 2 F z x  
Ox 47rg(2 + m)(1 + 2m)R~ a 47rg (2 + m)(1 + 2m)R~ ~ 

( 1 - m ) F =  [ -1  x 2 x e ] 
+ 47r#(2+--m--~+ 2m) R - ~  + R ~ - - - ~ + ~ J "  (41) 

For 0 U / a n d  a U ' /  Oy --~--y, substitute x for y. 

O U /  (c - z)XyFzx (1 - m)xyFzx[Z - c 5(z + c)czl 
O x = 4 m~ R1 s 2-w -g( l. -+ ~m ) [ -~E-25 + R27 J 

(1-m)xyF~x [ 1 1 ] 
+ 4~rtt(2 + m---~+ 2m)kR~--5--~ + RJ-9~22 ' (42) 

O U ' /  _ 3{(2 + m)c - (1 + 2m)z}xyFzx 
Ox 4¢r#(2 + m)(1 + 2re)R15 

(I - m)xyF~x [ I 1 ] 
+ 4~r~t(2 + ~ +-2m)LR~---5~ + R12-- 1 ~j. (43) 
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For a Ux___~ ~ and 0 U'x z 0y - - ~ y ,  interchange x and y. 

aU~ z -xFzx[  2 3(z--c)q 
- 1-i-~-i~L-R--~ + R15 J 

( 1 - - m ) x F z x  .[. 4m + 5 6(c 2 + cz + z 2) 30(z + c)2cz] 

- 12mt(1 + 2re)L(2 + re)R23 + R2 s + R J  J' (44) 

OU'z z -3xFzx  [1 + m {(1 + 2 m ) z  - (2 + m)c}(z  - c)] 

0----~ - 4m,(2 + m)(1 + 2m)[ R13 + R1 ~ J" (45) 

o u z  z o u ' /  
For - ~ y  and ~-y , substitute y for x. 

O U x Z _ x F z z r - 1  3(z--  c)21 
12~4R13+ R~ J 

(1-- 2m) 6cz + lScz(z + c):] 
+ 67rtt(1 + 2m)/2(2 + m)R2 ~ + R2 s R27 j ,  (46) 

O U ' J  -xFz~ 3{(1 + 2 m ) z  - (2 + m)c}(z  - c)xFzz 
+ (47) 

Oc - 4m*(2 + m)R~ 3 4~tt(2 + m)(1 + 2re)R,  5 

For 0 Uy z and 0 U'y z ' substitute y for x. 
Oc Oc 

aUz ~ ( z - c ) 3 F =  

Oc 4~rgR1 ~ 

( l - r e ) F =  [ 3 c - ( l  + 2 m ) z  c ( 2 z - c ) ( z + c )  5cz(z+c)31  
+2GTI-+-Tm)L 6 ~ + ~  + R? ~7 -j, (48) 

OU'~ ~ _ ( 1 . - m ) c F =  + 3 { ( l  + 2 m ) z - ( 2 + m ) c } ( z - c ) 2 F z z  (49) 
0c 4~rtL (2 + m)(1 +2re)R, 3 47rtt (2 + m)(1 + 2re)R,  s 

The following identities were particularly useful in the derivation of these formulas. 

/ ( x , y , z ) ( z + c )  n / ( x , y , z ) ( z + c )  n - l _ / ( x , y , z ) ( z + c )  '~-1 
R219~2; + R2i_19~j - R2ig~j_ 1 , (50) 

/ ( x ,  y, z ) ( z  - c) n f ( x ,  y, z ) ( z  - c) n-1 f ( x ,  y, z ) ( z  - c) n-1 
R l i ~ l i  - R l i _ , ~ l j  = - R l i ~ l j _  1 (51) 

ORi = x;  for i = 1 or 2, a n d j  = 1 or 2. (52) 
Oxi Ri ' 
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aR1 (z - c) ORI i)R2 (z + c) OR2 
Oz R1 Oc Oz R2 0c (53) 

0 1 0 I' 

Oz R1 a Oc ' (54) 

0 1 0 1 

1 
Oz = - R 2  ----5 = " Oc (55) 

If  the source is located in the pr imed half-space (c < 0), then  symmetry  about the 
plane z = 0 can be used to show tha t  

OU/ (x , y , z>-O ,c<O,m ,  Fi) O U ' / ( - x , - y , - z , - c ,  1 / m , F i )  
- ( 5 6 )  

Oxk Oxk ' 

OU' / ( x , y , z<=O,c<O,m,  Fi) O U j i ( - x , - y , - z , - c ,  1 / m , F i )  
= ( 5 7 )  

Oxk Oxk ' 

where the factor 1/m has the effect of interchanging tt and t~' everywhere in 
equations (22) through (49). 

It  is possible to demonst ra te  tha t  the solutions for point  double couples (given by 
W/in  equation 21) converge to whole-space solutions (which can be derived simply 
by setting m = 1) in the limit as R~ approaches 0 for any c > 0. This  is a nice 
demonst ra t ion  of the fact tha t  the seismic moment  of an equivalent point  dislocation 
depends only on the rigidity of its immediate  surroundings (see equation 3.5 of Aki 
and Richards, 1980). 

BEHAVIOR AT THE INTERFACE 

We now investigate the nature of these solutions as the source is moved across 
the welded boundary  at z = 0. If  

Uji(x, y, z, c = 0 +) = U/(x,  y, z, c = 0-),  (58) 

then  the solution for point  forces is cont inuous as the source is moved across the 
welded boundary.  Equat ions (16) and (58) can be combined to rewrite this condition 
as  

Uji(x, y, z, c = 0, m) = U ' / ( - x ,  - y ,  - z ,  c = 0, 1/m) .  (59) 

It  is s traightforward to verify tha t  equat ion (59) is t rue for all i and j .  However,  the 
si tuation is more complex for double-couple solutions. Let  us consider the two cases 
of a vertical strike-slip double couple (M12 -- M21 = 1, all o ther  Mjk = 0) and a 
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vertical dip-slip double couple (M~3 = / 3 1  -- 1, all other Mjk = 0). First consider a 
vertical strike-slip double couple. 

O Ui ~ O Ui y 
w ~  8s - + - -  ( 6 0 )  

Oy Ox ' 

or 

[-1 1 (1-  m)2yMo 
12~tt [R~ 3 R15J + 12m~(1 + m)(2 + m)(1 + 2m) 

-1  2x 2 4x 2 1 (1 -m)yMo 
• R - ~ - ~ 2 2 + ~ + ~ ]  + 12~ t t (1+m)( l+2m)  

/ - (1  + 2m) 6(1 + 2m)x 2 + 12(1 + m)cz + 60(1 +__ m__ )czx21 

[ R? R: j 

( 1 - m ) ( z + c ) y M o  F 1 1 3x 2 3x 2 2x2 1 

÷6T~l-~--~mi[i+~mm)[~ R229122 R25912 R2tgi22 R339i23.J (61) 

For WS 8, interchange x and y. 

WzSS ( c - z ) x y M o  ( 1 - m ) x y M o [ z - c  5cz(z+c)  

1 1 ] 
+ 2(2 + m)Rz3~2 -~ 2(2 + rrQR2291j (62) 

W,x S -yM_o [1 6x l 
= 6~.(1 + m)kR13 +~-~sJ 

(1-m)2yMo F - 1  2x 2 4x2 1 

12~tt (1 + m) (2+ m)(1 +2m) L ~ + ~ +  R139t 12 R12~13J 

[(z + 2c) + m(c + 2z)](1 - m)yMo 
6rot(1 + m)(2 + m)(1 + 2m) 

I 1 1 322 3X 2 2X2 1 
• LRI6~)~I '~R12~)~12 "R15~ 1 R14~}~12 Rl-~13j. (63) 

For W'ySs, interchange x and y. 

8s _ -3xyMo [z - 2c + m(2z - c) 1 - m 1 - m ] 
W'z  -27r~(2+m--~+2m)L RI 5 ÷3R139l ~ ~-3~1-5~-12 . (64) 
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As was the case in equation (59), we can demonstrate tha t  the solution for a 
vertical strike-slip double couple is continuous as the source moves across the 
welded boundary by showing tha t  

WiS~(x, y, z, c = O, m) = - W / 8 ~ ( - x ,  - y ,  - z ,  c = O, 1 /m) ,  (65) 

a fact tha t  can be verified by direct substitution, which yields 

- yMo r i 6x2 l 
WS~(x, y, z, c = O, m) = - W ' J * ( - x ,  - y ,  - z ,  c = O, 1/m) = 67r~-~ + -m)L~ + 

R~] 

(1 - m)yzMo + 
6 r tL( l+  m ) ( l +  2m) 

1 1 3x 2 3x ~ 2x 2 ] 

" R a ( R + z ) ~ R 2 ( R + z )  2 R ~ ( R + z )  R a ( R + z )  2 R 3 ( R + z )  3 

(1 - m)2yMo 

12~rg (1 + m)(2 + m)(1 + 2m) 

[ - 1  2x 2 4x 2 ] 
• R( f f - -~z)2+R3(R+z)2  +R2(R+z)3  . (66) 

For Wy ~* and W'y~8, interchange x and y. 

W ~ ( x l  y, z, c = O, m) = - W ' z ~ ( - x ,  - y ,  - z ,  c = O, 1/m) 

-3xyzMo (1 - m)xyMo [_ 1 1 ] 
= 2~-tt(1 + 2rn)R ~ - 2~-g(2 + m)(1 + 2m)LRa(R + z) + R2(R + z) ~ ' (67) 

where 

R =  ~/x 2 + y 2 + z  2. (68) 

Some care must  be taken with the expressions above since they are only true if 
R > 0. If  we first take the limit as R1 --* 0 and then as c --> 0, we find tha t  the 
solution at  the point source does jump as we cross the boundary. This is consistent 
with the fact tha t  the moments  for identical point dislocations just above and below 
the boundary differ by the factor m. 

In the case of a vertical dip-slip double couple we find tha t  

w i d s  = O Ui  z O Ui  x , (69) 
dx Oc 

or  

14C d~ = (z-- c)Mo[ 1 + 6x 2] (1 - m)[(1 + 4m)z - (1 - 2m)c]Mo 
12~r~ JR1 a R 1 5 ]  127 r~ ( l+m) ( l+2m)R23  

(1 - m)Mo [2cz(z + c) + (2c + z)x 2 10(z + c)czx 2] 

2 ~~-(1 + ~mm )L R~- ~ J 
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m(1 -m)M0 [ 1 x 2 x 2 ] 
~ 4 7 r t t ( 1 + - ~ ( ~ + ~ - l + 2 m ) D ~ 2 - 2  R23~ 2 Re~-~22, (70) 

W:/S (z--c)xyMo + (1-m)xyMo[. - (z+2c)  lO(z+c)cz] 
- 2~-t~R15 2mr(1 + 2m)L R25 + )~--S- J 

m(1-m)xyMo 2m)[R219~2 ~ ] ,  (71) 
- 4r#(1 +m~2-+m- )~  + ~ +  

Wz . :_ xMo F1 6(z - c 1 
12~#[R-1-51 3+ R15 J 

(1  - m)xMo [ 1 - m 3(z 2 - 2c 2 + cz) + 30cz(z + c)2] 
R?  R2 ' - 

(72) 

W, d x -  [ ( l + 2 m ) z - m ( 2 + m ) c ] M 0  + 3 x 2 [ ( l + 2 m ) z - ( 2 + m ) c ] M °  
27rtt(l + m)(2 + m)(1+ 2m)R~ 3 2~tt(2 + m)(l + 2m)R~ s 

m(1-m)Mo [ - 1  + x2 x2 ] 
-4m~(l+m-~(2~-~m)(l+ 2m) ~ R ~ - - - ~ + ~  ' (73) 

W, /~  = 3[(1 + 2m)z - (2 + m)c]xyMo 
27rtt (2 + m)(1 + 2m)R15 

m ( 1 -  m)xyMo [ 1 1 ] 
(74) 

4~rtt (1 ~--mm ~-2 + m---~ + 2m) + ~  ' 

W, dS = 3xMo [_~13 2{(l + 2m)z - (2  + m)c l (z -c )  1 
z 47r#(2 + m)(1 + 2m) + R15 . (75) 

We can demonstrate that the solution for a vertical dip-slip double couple is not 
continuous as the source moves across the welded boundary by showing that 

wide(x, y, Z, C = 0, m) ~ --W'idS(-x, --y, --z, c = 0, l /m),  (76) 

m 2 zMo m3xz2 Mo 
WS~(x,y, z, c = O, m) = + 

2~#(1 + m)(1 + 2m)R ~ 27rtt(1 + 2m)R 5 

m(1-m)Mo [ 1  x 2 x 2 ] 
+47r#(1+m)(1+2m)(2+m) R(I~--+z) R3(R+z) R2(R+z)~,  (77) 

mzMo 3x2zM~ 
W 'xdS(-x, -y,  -z ,  c = O, 1/m) --- 

21rtt(1 + m)(2 + m)R 3 2~r#(1 + 2m)R 5 
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( 1 -  m)Mo [ 1 x 2 x 2 ] 
-4~-~( l+m)- ( - l -+~m)(2+m)  (I~+z) R 3 ( R + z )  R2(R-+z) 2 '  (78) 

Wy d~ (x, y, z, c = O, m) = m3xyzMo 
2~rt~ (1 + 2m)R ~ 

m ( 1 - m ) x y M o  [ 1 + .... 1 ], 
4~rtt (1 ~ m )  ~l~ + 2 - ~ 2  + m)[Ra (/~+ z) R2(R+z)2  j (79) 

W ,yds ( -x ,  - y ,  - z ,  c = O, 1/m) = 3xyzMo 
2~rtL (1 + 2m)R 5 

( 1 - m ) x y M o [ 1  1 ] 
+ 4 7 r g ( 1 + m ) ( l + 2 m ) ( 2 + m )  R 3 ( R + z )  +R2(R +z)  i ' (80) 

W~d~(x, y, z, c O, m) m3xMo m3xz2Mo 
= = + ( 8 1 )  

47rt~(2 + m)(1 + 2m)R 3 2~rtt(1 + 2m)R 5' 

3xMo 3xz2 Mo 
W ' 9 ( - x ,  - y ,  - z ,  c = O, 1/m) = (82) 

4vtt(2 + m)(1 + 2m)R 3 27rt~(1 + 2m)R 5" 

We see that all of the terms in the solutions for a vertical dip-slip double couple 
located just above the boundary differ from those for a source just below the 
boundary by the ratio of the rigidities m. The stress and strain boundary conditions 
are the ultimate cause of the difference in the way that the solutions for strike-slip 
and dip-slip double couples behave at the welded boundary. The predominant strain 
component in the strike-slip case (e~y) is continuous across the boundary, whereas 
the predominant strain component in the dip-slip case (ex~) is not continuous across 
the boundary. However, since the stress ~z is continuous across the boundary, and 
since shear stress and strain are simply related by the rigidity, the solutions for the 
dip-slip case vary by the ratio of the rigidities as the source is moved across the 
boundary. 

If we consider a vertically dipping point double couple of an arbitrary rake, then 
we could obtain identical solutions, W~ + = Wi (x, y, z, c = 0+), everywhere (except 
at the source point) for a source with a rake angle h+ located just above the boundary 
and for a source with a different rake angle h- located just below the boundary. )~+ 
and h- are related by the following expression. 

Wi+~Ssin(?, -) 
W~+~Scos(k +) + W~+dSsin(h +) = Wi+S%os(k -) + (83) 

m 

Thus if one knew the deformations (except at the source) produced by a vertically 
dipping point double couple located in the vicinity of a boundary, then the rake 
angle could not be deduced unless it was known whether the source was located 
slightly above or slightly below the boundary. 
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The  diagonal elements  of the moment  tensor  (Mii) are nonzero for solutions 
involving arbitrari ly dipping point  double couples or for point  explosions. For  the 
case of a horizontal ly oriented compressive point  force couple, the solution varies 
continuously as the source is moved across the boundary  since 

3UxX(x,y,z,c---O,m) 3U 'xX( - x , - y , - z , c=O,  1/m) -x3Fxx 
3x 3x 2 ~ ( 1  + m)R 5 

(1 - rn)~xFxx + 
12~r# (1 + m)(2 + m)(1 + 2m) 

- 3  x 2 2x 2 ] 

(1 - m)zxFxx 
+ 4~r/~ (1 + m)(1 + 2m) 

1 x 2 1 x 2 2x 2 ] 

. -R-~9 l Rs-----~ ÷ R2~R----- ~- R49~ 2 3R~Sj, (84) 

3UyX(x,y ,z ,c=O,m)= OU'yX( -x , -y , - z , c=O,  1/m) yF~x [.1 3x2 l 
Ox Ox 6~r#(1 + m ) [ R  ~ R~J 

(1 - m)2yFxx + 
12~tt (1 + m)(2 + rn)(1 + 2m) 

- 1  x 2 2x 2 ] (1 - m)zyFxx 

" R - - ~ + ~ + ~ - d J + 1 2 7 r t t ( 1 + m ) ( 1 + 2 m  ) 

1 3x 2 1 3x 2 2x 2 .] 
• )~79 ~ R--~+R29~2 Rtg~ 2 R39~3J ' (85) 

0 Uz x (x, y, z, c = O, m) -O U'z~(-x, -y ,  -z ,  c = O, 1/m) zF~x [ 1 3x2] 

Ox - Ox = 4~#(1 + 2m)L ~ /  ~ - j ,  

( 1 - m ) F ~  [ 1 x2 x2 ] 
"~ 4~r#(2 + m)(1+ 2m) Rg~ R*~ R ~  i "  (86) 

The  displacements produced by a vertically oriented point  force couple are discon- 
t inuous and vary in the following complex way as the source is moved across the 
boundary.  

OUj(x, y, z, c = O, m) -xF= z2xF= 
Oc = 4~r#(2 + m)R 3 + 4~rttR 5' (87) 

3 U'xZ(-x, - y ,  - z ,  c = 0, 1/m) -xFzz 3z2xFzz 
+ (88) 3c 4mr(1 + 2 m ) R  3 4 m t ( l + 2 m ) R  5' 
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OUzZ(x, y, z, c = O, m )  - (1  - m ) z F =  z3Fz~ 
-- + - -  (89) 

c9c 127rt~(2 + m ) R  3 47rtzR 5'  

0 U ' Z  ( - x ,  - y ,  - z ,  c = O, 1 /m)  3zZF= 

0c = 4~tL(1 + 2 m ) R  5" (90) 

In this case, we see that  not only does the amplitude of the displacements change 
as the source is moved across the boundary, but their spatial pattern changes also. 
If one attempted to invert data to find the nature of a point source located on one 
side of a boundary that  matched displacements produced by a source on the opposite 
side of the boundary, then spurious conclusions could result. For instance, one 
might find that  a source with a non-double-couple component may better fit 
displacements that were produced by a purely double-couple source located on the 
other side of the boundary. Similar ambiguities can be found in the solutions for 
far-field waves radiated by point moment-tensor sources (Woodhouse, 1981). 

NUMERICAL EXAMPLES 

In order to explore the nature of these solutions further, we have constructed a 
computer code that  calculates displacements, strains, and stresses on any two- 
dimensional plane cutting through the four-dimensional space (x, y, z, c). Strains 
are calculated by numerical differentiation of the solution with respect to observer 
coordinates and the stresses are calculated from the strains in the usual way. These 
numerical solutions also allow us to verify that  the displacements and appropriate 
strains and stresses are continuous across the welded boundary. In Figures 2 and 3 
we show contours of displacements, strains, and stresses that result from a vertical 
dip-slip point double couple (Mo = 1025 dyne-cm) striking parallel to the x axis and 
located 1 km above the boundary between two half-spaces havi4ag rigidities of 1011 
and 2 × 1011 dyne-crn -2. The y coordinate of the observer is fixed at 2 km and the 
x and z coordinates both vary from - 2  km to +2 kin. As is expected from the 
boundary conditions at z = 0, we see that Ux, Uz, exx, rxz, and rzz are all continuous 
at z = 0 (as are Uy, eyy, and ryz which are not shown) and e=, e~z, and rx~ are 
discontinuous at z = 0 (as are eyz and zyy, which are not shown). We prepared similar 
plots for all of the point-force and point-force-couple solutions given in this paper 
to verify that  the solutions satisfy the required boundary conditions. 

In order to investigate the behavior of these solutions as a point source is moved 
across the welded interface, we show contour plots of displacement for observers 
with x coordinates that  vary from - 2  km to +2 km (horizontal axis of contour plot) 
and source locations that vary from - 2  km to +2 km (vertical axis of contour plot). 
The y coordinate of the observers is fixed at 2 km and the z coordinate is fixed at 1 
kin. The.rigidities of the upper and lower media are 1011 and 2 x 10 ~ dyne-cm -2, 
respectively. In Figure 4, we show contours of the resulting x and z components of 
displacement for both a vertical strike-slip double couple and a Vertical dip-slip 
double couple. The couples strike parallel to the x axis and the moment is assumed 
to be 1025 dyne-cm. It is clear from these figures that the solution for the vertical 
strike-slip double couple yaries continuously as the source is moved across the 
boundary (see also equations 66 and 67), whereas the solution for the vertical dip- 
slip double-couple jumps by the ratio of the rigidities as the source moves across 
the boundary (see also equations 77 to 82). The situation is even more complex 
when other fault orientations are chosen. We show contours of the displacements 
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Vertical Dip-Slip Double-Couple 
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X---> X ----> 

Sxx Zxx 
. . . . . . . . . . .  . . . . . . . . . . .  

) \ / \ tk\~~_ / / i /  I I \ ..................... r f r l ~  .......... 7717"1 .......................... 

/ 
r ~// I I ~'I /'/t 1/\ 'A' , \ \ \  ~" 

I/,/iii l i\ Yll \\.\'\%~- 
i / / /  < \ \  \%-_ 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  Lk',,,',,,,Z 
x runs from -2kin to +2kin y = 2km 
z runs from -2kin to +2km c = 1 km 

FIO. 2. Deformat ions  f rom a vertically dipping poin t  dip-slip double couple, s t r iking parallel  to the  x 
axis and  located I k m  above a mater ia l  interface a t  z = 0. Deformat ions  are contoured  on a vertical plane 
parallel  to the  double couple (y  = 2 km),  where x and  z bo th  vary  from - 2  km to +2 km. The  rigidities 
of  the  upper  and  lower media  are 101~ and  2 x 10 ~ dyne-cm -e, respectively. Disp lacements  are given in 
cm, s t ra ins  in 10 -~, s t resses  in bars,  and  the  m o m e n t  is 10 e~ dyne-cm. U~, U~, and  e~x are cont inuous  at  
the  interface and  ~= is d i scont inuous  at  the  interface. 

produced by 45°-dipping strike-slip and dip-slip double couples as a function of x 
and c in Figure 5. We see that not only does the amplitude jump, but the entire 
pattern of the deformation changes as the source crosses the interface (see also 
equations 87 through 90). 

In Figure 6, we show similar contour plots for compressive force couples directed 
along b o t h t h e  x axis (Mx~ = 1025 dyne-cm) and the z-axis (Mzz = 1025 dyne-cm). 
We see that the displacements produced by horizontally oriented compressive force 
couples vary continuously as the source is moved across the boundary (see also 
equations 85 to 86), whereas the displacements (and also the pattern of deformation) 
produced by a vertically oriented compressive force couple jump as the source is 
moved across the boundary (see also equations 87 to 90). In Figure 7, we show 
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Vertical Dip-Slip Double-Couple 
Ezz 1:zz 
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x runs f rom -2k in  to  +2k in  y = 2k in  
z runs f rom -2km to +2km c = 1 km 

FIG. 3. Con t inua t ion  of Figure 2, the  sttme pa rame te r s  are used  bu t  different  componen t s  of  the  
deformat ion  are shown,  r~z and  r=  are con t inuous  at  the  interface and  E~= and  E= are discont inuous.  

similar contour plots for point explosion sources (M~x = Myy = Mzz = 1025 dyne-cm) 
and for point single-force sources (Fx = Fy = Fz = 1013 dyne). Displacements 
produced by the explosion source jump as the source crosses the interface, and the 
displacements produced by point forces of any orientation vary continuously as the 
source crosses the interface (see also equation 59). 

F I N I T E - F A U L T  N U M E R I C A L  E X A M P L E S  

Up to this point we have confined our discussion to point force systems. Haskell 
(1964) showed that  a dislocation D on a vanishingly small fault plane of area A 
results in solutions identical to that  of an appropriately oriented point double- 
couple force system with a moment Mo = g A D .  We would like to investigate the 
relationship between dislocations on fault planes and equivalent force systems when 
the source is located near a material boundary. However, these solutions are singular 
at the source point and it is difficult to investigate the behavior of our solutions in 
the immediate vicinity of the source. The displacements produced by dislocations 
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Point Double Couples as They Cross a Boundary 

U x Vertical Strike-Slip Uz 

. . . . . . . . . . . . .  

:7 
X---~ X---> 

Ux Vertical Dip-Slip U 

?S 
~ i I i i \ ]  \ kX / I  / / I 

~--~---- °,[ ~ / / )  z i )  Q... \ \  t\ 

" I \\ J II ! / / I" "\' '\, \~ \\ 
II(,, ,,, ; ,, )' 

i \\ \ \  x . . . .  / / / /  / /  

I ......... ~ ......... ~ ....................................... z ......... 
x runs from -2km to +2kin 
c runs from -2km to +2km 
y = 2km 
z = 1kin 

Fro. 4. Displacements from vertically dipping point strike-slip (upper panels) and dip-slip (lower 
panels) double couples striking parallel to the x axis. The x coordinate of the observer varies from - 2  
km to +2 km along the horizontal axis of the contour plots and the height of the source above the 
interface (the variable c) varies from - 2  km to +2 km along the vertical axis of the contour plots. The y 
and z coordinates of the observer are fixed at 2 km and 1 km, respectively. The rigidities of the upper 
and lower media are 101~ and 2 x 10 ~ dyne-cm -2, respectively. The sources both have moments of 1025 
dyne-cm and the displacements are given in cm. Notice that the displacements from a vertical strike- 
slip double couple vary continuously as the source crosses the interface at c = 0, but the displacements 
from a vertical dip-slip double couple jump in amplitude by a factor of 2 (the ratio of the rigidities) as 
the source crosses the interface. 

on faults of finite area are nonsingular and it is much easier to visualize the behavior 
of the solution in the immediate vicinity of the source. The solution for a dislocation 
on a finite fault can be obtained by integrating the appropriate point double-couple 
force over the area of a fault plane. Mansinha and Smylie (1971) have performed 
this integration analytically for the case of a finite fault embedded within an elastic 
half-space in contact with a vacuum. Although analytic integration of the double- 
couple solutions embedded within welded elastic half-spaces should be straightfor- 
ward, it would also be exceedingly tedious. 
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Point Double-Couples as They Cross a Boundary 
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FIG. 5. Same as Figure 4, but for 45°-dipping strike-slip double couples (upper panels) and 45 °- 
dipping dip-slip double couples. The double couples strike parallel to the x axis. Notice that in both 
cases, the pattern of displacements jumps as the source crosses the interface at c = 0. The components 
of a moment tensor for a point source lying on one side of the interface resulting from the inversion of 
data produced by a source lying on the opposite side of the interface would result in incorrect conclusions 
about the source orientation and may also result in spurious non-double-couple components from the 
inversion. 

We have numerically integrated double-couple solutions over the fault plane by 
summing the response of many small finite subfaults whose individual response is 
approximated by point double-couples located in the center of each subfault. In 
Figure 8, we show the displacement parallel to the slip direction for a vertical strike- 
slip fault and a vertical dip-slip fault. The fault is actually the summation of a 
gridwork of 100 point double-couples running along the x axis from - 2  km to +2 
km by 100 point double couples running along the z axis from - 2  km to +2 km. 
The moment (1025 dyne-cm) is evenly distributed on the fault plane and the rigidity 
is 1.0 × 1011 and 2.0 × 1011 dyne/cm 2 for the upper and lower media, respectively. 
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Point Compress ive  Couples as They Cross a Boundary 
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FIG. 6. Same as Figure 4, but for horizontal single compressive couples (upper panels) and vertical 
single compressive couples. Notice tha t  the deformation from the horizontal compressive couple varies 
continuously as the source crosses the interface, but  the pat tern of the deformation from the vertical 
compressive-couple jumps as the source crosses the interface. 

In panels 8a and 8c, the observer points are located on a gridwork that is parallel 
to that of the fault and located just 0.06 km from the fault; y = 0.06 kin, 30 points 
run along the x axis from -3  km to +3 km and 30 points run along the z axis from 
-3  km to +3 km. In panels 8b and 8d, the observer points are located on a gridwork 
that is perpendicular to the fault plane; x = 0, y runs from -3  km to +3 km, and z 
runs from -3  km to +3 km. 

It is readily apparent that  these distributions on point double couples produce a 
deformation that mimics a dislocation on a fault plane. As expected, the amplitude 
of the dislocation is inversely proportional to the rigidity of the surrounding media: 
D =-- M o / # A .  Although the displacements produced by a vertical strike-slip point 
double couple vary continuously as the source is moved across "the boundary (see 
equations 66 and 67 or Figure 4), when We integrate the double couples over a finite 
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Point Sources as They Cross a Boundary 
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FIG. 7. Same as Figure 4, but  for a point-force (F~ = Fy = Fz  = 10 ~9 dyne) and for a point  explosion 
(Mo = 10 2~ dyne-cm). Notice tha t  the deformation from any point  force varies continuously as the source 
crosses the interface, but  the pat tern  of the deformation from a point  explosion jumps as the source 
crosses the interface. 

plane, then the displacements produced at that  plane jump by a ratio of the rigidities 
as the source plane crosses the boundary. This type of behavior was already discussed 
immediately after equation (68). 

In Figure 9, we show the deformations that  result from horizontally oriented 
double couples (0 ° dip) distributed on horizontally oriented fault planes located 
just 0.01 km above the material interface (panels 9a and 9b) and 0.01 km below the 
interface (panels 9c and 9d). As before, the rigidities of the upper and lower media 
are 1.0 x 1011 and 2.0 x 1011 dyne/cm 2, the fault is 4 km by 4 km and the total 
moment is 1025 dyne-cm. The observer grid for panels 9a and 9c is located 0.1 km 
above the interface and parallel to the source plane; the observer grid runs along 
the x axis from -3  km to +3 km and along the y axis from -3  km to +3 km. In 
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Displacement Parallel to Slip; Finite Faults (4kin x akin) 
Perpendicular to Boundan] and with Uniform Moment 
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FIG. 8. Displacements parallel to the slip direction for numerical integration of double couples over 
vertically dipping planes of length 4 km and width 4 km. Upper panels are for strike-slip double couples 
and lower panels are for dip-slip double couples. The moments are evenly distributed over the fault 
planes and the total moment is 1025 dyne-cm. The fault planes intersect an interface between a material 
of rigidity of 1011 dyne-cm -2 and another material of rigidity 2 x 1011 dyne-cm -2. In the left panels, the 
displacements are contoured on a plane that  is parallel to and 0.06 km from the source plane. In the 
right panels, the displacements are contoured on a vertical plane that  is perpendicular to the source 
plane (intersecting its middle). In both cases, the summation of double couples mimics slip on a finite 
fault where the slip is inversely proportional to the rigidity of the surrounding medium. 

panels 9b and 9d, the observer grid is perpendicular to the source plane and runs 
along the x axis from -3  km to +3 km and along the z axis from -3  km to +3 km. 
The deformations produced by these distributions of double couples mimic dislo- 
cations along the source planes, and in both cases, the upper medium experiences 
displacements that  are twice as large as in the lower, more rigid medium. The jump 
in displacement across the source plane is twice as large for the source located 
slightly above the interface (panels 9a and 9b) as the jump in displacement for the 
source located just  below the source plane. This is in agreement with the notion 
that D = M o / ~ A ,  where p is the rigidity of the medium in which the dislocation is 
located. We see that  the pattern of displacements produced by the source located 
just below the plane is virtually identical (but smaller in magnitude by a factor of 
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Displacement Parallel to Slip 
Horizontal Finite Faults (4km x 4km) of Identical 

Moment (1025 dyne-cm) 
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FIG. 9. Displacements parallel to the slip direction for numerical integration of horizontal double 
couples over horizontal planes of length 4 km and width 4 km. In the upper panels, the horizontal fault 
plane is located 0.01 km above an interface between rigidities of 1011 and 2 x 1011 dyne-cm -2, and in the 
lower panels, the horizontal fault is located 0.01 km below the interface. In both cases, the total moment 
of the finite source is 1025 dyne-cm. In the left panels, the displacements are contoured on a horizontal 
plane that is parallel to the fault planes and that  is 0.1 km above the interface. In the right panels, the 
displacements are contoured on a vertical plane that bisects the fault plane in its middle along its slip 
direction. The deformation from the summation of double couples mimics slip on a horizontal fault. 
Notice that  the slip is twice as large on the upper side of the source (panels b and d) and that the 
deformations for the source located just above the interface (panels a and b) are twice as large as the 
deformations for the source located just below the interface (panels c and d). The deformations from a 
horizontal source located just above the interface would be identical to those produced by a source with 
twice the moment but located just below the interface. In this example, we see that the moment of a 
dislocation on a fault separating different materials is ambiguously defined. 

2) to that  produced by the source with the same moment that is located just above 
the interfeice. If we assumed that  the moment of the finite source in the lower 
medium was twice the ~oment  of the similar source in the upper medium, then the 
two sources would produce virtually identical patterns of deformation everywhere 
in the medium. Although these sources would be virtually indistinguishable, they 
would have dramatically different seismic moments. 

DISCUSSION AND CONCLUSIONS 

We have produced analytic expressions for the static deformations caused by 
point force and force-couple systems embedded in two welded Poissonian half- 
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spaces. These expressions allow us to verify that the deformation in the limiting 
vicinity of the source is independent of the material properties of the half-space 
without the source. Of course, this result is not new since it has already been proven 
in a more general way (Aki and Richards, 1980; equation 3.5). We have also shown 
that the way in which the deformation changes as a point source is moved across a 
material interface'is complex. The deformations produced by point forces or by 
vertical strike-slip point double couples vary continuously (except in the the limiting 
vicinity of the strike-slip source) as the source is moved across a boundary. As a 
vertical (or horizontal) dip-slip double' couple is moved across a boundary, the 
deformation pattern varies continuously but the amplitudes jump by the ratio of 
the rigidities. If the source is either a point explosion or a point double couple 
dipping at some angle other than 0 ° or 90 °, then the deformation pattern jumps as 
the source is moved across the boundary. Inversion of data for the moment tensor 
of a point source in the vicinity of a boundary can lead to different orientations 
(and spurious non-double-couple components) for the source depending upon 
whether the source is assumed to lie above or below the boundary. 

We have shown that numerical integration of point double couples over a finite 
planar surface produces a deformation pattern that mimics a dislocation on that 
surface and that  as expected, the dislocation is given by D = Mo/#A,  regardless of 
the orientation of the sourco and the proximity to the boundary. Furthermore, 
integration of double couples over horizontally dipping finite faults located just 
above and below a material interface may produce identical deformations even 
though the total moments of the sources differ by the ratio of the material rigidities. 

In a way, none of these conclusions should come as a surprise. However, there 
are some conceptual problems that result when we interpret these results in the 
context of the moment tensor of an earthquake. The size of an earthquake is often 
given in terms of its moment. Yet we have just seen that  there are cases in which 
virtually indistinguishable elastic deformations (even in the vicinity of the source) 
can be produced by sources having significantly different total moments (just move 
a horizontally dipping source an infinitesimal distance across a material interface). 
Just what is the moment of an earthquake when the two sides of the fault have 
different rigidities? At least two (and perhaps another) perfectly acceptable numbers 
can be given. Assume the double couples are infinitesimally close to either side of 
the boundary, or perhaps assume that the double couples actually straddle the 
boundary (a problem that  we have not solved here). In fact, the same deformation 
would result if we assume that  some fraction of the total slip D is modeled by a 
source just above the interface and the rest of the slip is modeled by a source just 
below the interface. In this case the  moment could be any number between #AD 
and tt 'AD (Woodhouse, 198!). 

This apparent paradox can be better understood by reviewing just what it is we 
mean when we assign an earthquake a moment. Certainly it seems a little odd to 
describe the overall size of an earthquake (actually slip on a fault plane) with a 
torque. The moment that  we assign to an earthquake is the total moment of a 
distribution of point double-couple body forces that, when applied to the medium, 
produces the same pattern of deformation as slip on some fault plane. Unfortunately, 
there are cases where the same pattern of deformations can be produced by very 
different distributions of double couples. 

If we wish to describe some overall magnitude of the slip on the fault plane, then 
why not simply integrate the dislocation over the rupture surface? Ben-Menahem 
and Singh (1981, equation 4.94) call this parameter potency and they use it as a 
basic source scaling parameter. If either the dislocation or the area of a very small 
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source were to double, then the resulting deformation would double throughout the 
medium. However, if the rigidity is assumed to change in the region of a given 
dislocation, then the deformation does not necessarily change in a corresponding 
fashion. If we assume a fixed moment and we allow the rigidity to become very 
large, then the resulting deformations would become vanishingly small and so would 
the radiated energy and the change in strain energy. In fact, if we explicitly 
substitute ~AD for M0 into all of the solutions given in this paper, then the ~ would 
trivially cancel and the properties of the media would only enter into the solutions 
through the ratio of the rigidities m! In this case, the fundamental source scaling 
parameter is potency as defined by Ben-Menahem and Singh '(1981). 

A similar argument can be made in the case of the waves radiated from a 
dislocation that  is simulated with double couples. In virtually all equations that 
express the far-field displacements resulting from double-couples having a moment 
Mo, there is a scaling factor Mop-iv -a, where p is the density and v is some wave 
velocity intrinsic to the medium. In all of these cases, this factor can be reduced to 
the factor AD (~v)-2, where v is a dimensionless material constant that  depends on 

2 - 2v 
Poisson's ratio v( ,1-  1 if v is the shear-wave velocity and ~ - - -  if v is the 

1 - 2v 
compressional-wave velocity). The remaining inverse velocity term can be intui- 
tively interpreted as a term that  relates the size of the displacements that occur in 
the source region to the size of waves that  are radiated to the far field. That is, it 
gives the relative importance of inertial forces (related to p) to the elastic restoring 
forces in a medium (related to ,1 and #). We see, then, that there is a superfluous 
p-iv-2 term that  is introduced just to cancel the superfluous # that  crops up when 
we scale with seismic moment. 

As another example, suppose that  a rupture with area A and dislocation D occurs 
within a thin layer of low rigidity that  is sandwiched between two high-rigidity half- 
spaces ( for example, a low rigidity zone of fault gouge). What is its seismic moment? 
Which rigidity should be use? Of course, the answer is that we should use the 
rigidity of the material in which the source is embedded, the low-rigidity material. 
However, this seems rather counter-intuitive since most of the deformation occurs 
in the material surrounding this thin zone. Certainly, the fact that there are high 
rigidities surrounding the rupture should tell us something about the size of the 
earthquake. A little thought tells us that  we would actually get about the same 
deformation and change in strain energy if we forgot about the low-rigidity material 
and just modeled the rupture in a homogeneous whole-space. However, we would 
obtain a different seismic moment for these two models, even though the changes 
in strain energies were approximately the same and the potencies were identical. 
This is just another example of why seismic moment is not a very satisfying way to 
describe the size of an earthquake. 

If one wishes to calculate the change in strain energy (an excellent candidate for 
the description of the overall size of an earthquake) produced by a distribution of 
double couples, then one must completely describe the properties of the medium 
(including the state of prestress) as well as the exact locations in which those body 
forces are applied. In other words, the seismic moment is not a very satisfying 
measure of the size of an earthquake unless the complete description of the 
properties of the medium and the way in which those moments were applied is also 
given. 

Although change in strain energy or perhaps total radiated energy (not necessarily 
the same quantities) may be more satisfying measures of the overall size of an 
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earthquake, they are also much more difficult to calculate. This is particularly true 
of change in strain energy since it requires knowledge of the ambient stress level as 
well as a model that does not contain non-integrable strain-energy singularities 
such as occur at the edges of faults with uniform dislocations. Potency (AD) is 
relatively easy to estimate and it is an obvious choice for a size-scaling parameter, 
having none of the ambiguities associated with seismic moment. However, as long 
as the range of rigidities encountered in seismogenic regions does not vary too 
wildly, seismic moment does provide some overall sense of the size of an earthquake. 
Certainly it has many advantages over other traditional magnitude scales. Further- 
more, when the entire model is precisely specified, the distribution of point-force 
systems does provide a complete description of the seismic source. Thus, seismic 
moment will continue to be a convenient and useful parameterization of earth- 
quakes. However, when using this parameterization, it is also important to under- 
stand the origin of the concept and its inherent limitations and potential ambigui- 
ties. 
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